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The determination of the flow properties of a fluid containing a cylindrical inclusion with its
long axis oriented parallel to the vorticity direction is a 2-dimensional problem which is treated as a
special case in a calculation of the corresponding D-dimensional problem. The velocity and pressure
are obtained from the solution of the equations of hydrodynamics where D-dimensional multipole
potential tensors are used. The effective viscosity of a dilute suspension is evaluted via the entropy
production, as suggested by Einstein, and via an effective stress tensor. The relative change of the
viscosity is proportional to the volume fraction. For D = 2 the proportionality factor Z is found to
be 2 and 3 when the inclusion rotates with an angular velocity equal to the vorticity and when the
inclusion does not rotate, repectively. The corresponding results for D = 3 are the well known number
Z = 2.5 and Z = 4.
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1. Introduction

Rigid inclusions perturb the flow of a fluid. The
analysis of the inclusion-induced modification of the
flow properties and in particular the calculation of an
effective viscosity are a subject of long standing sci-
entific interest [1 – 4]. At the same time it is of tech-
nical importance, e.g. for the flow of supensions and
for the plastic flow of metals as it occurs in connection
with dry friction [5]. The performance of brakes [6] as
well as the deformation and wear of rails in the rail-
wheel contact zone [7] are strongly affected by rigid
inclusions. Here hydrodynamic calculations are pre-
sented for the distorted velocity and pressure. Both ro-
tating and non-rotating inclusions are considered, the
latter case is typical for dry friction. Special attention
is paid to the two-dimensional problem as realised ei-
ther for a long cylinderical inclusion oriented perpen-
dicular both to the directions of the velocity and its
gradient or for a circular inclusion in a surface flow.
In order to compare with the well-known results for
the three-dimensional case, the calculations are per-
formed for a D-dimensional problem where it is under-
stood that the physically relevant cases are D = 2 and
D = 3. The effective viscosity of dilute suspensions is
evaluted via the entropy production as originally sug-
gested by Einstein almost a century ago [1] and via an
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effective stress tensor, similar to the method used by
Landau and Lifschitz [3]. The present study was moti-
vated by Smoothed Particle Dynamics simulations of a
two-dimensional multi-inclusion problem with a non-
Newtonian fluid matrix [8]. In the limiting case of a
dilute system with a Newtonian fluid the numerical re-
sults can be compared with the analytic expressions.

This article proceeds as follows. In Section 2 the ba-
sic equations and the boundary conditions are stated.
The velocity field and the pressure for the D-di-
mensional problem are obtained in terms of D-di-
mensional multipole potential tensors. The case D = 2
is considered in more detail. Section 3 is devoted to the
calculation of the effective viscosity of a dilute suspen-
sion. The two methods are employed, viz. routes via
the entropy production and via an effective stress ten-
sor. Some concluding remarks are made in Section 4.

2. Distorted Velocity Field

2.1. Formulation of the Problem

A flow of an incompressible fluid is considered
where the gradient of the velocity is constant in the
absence of an inclusion. An example is a plane Cou-
ette flow where a rigid cylinder with radius R perturbs
the velocity field vvv. The long axis of the cylinder is as-
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sumed to be parallel to the vorticity direction, hence
one is dealing with a 2-dimensional problem. In the
corresponding 3-dimensional problem one considers a
rigid sphere with radius R immersed in the fluid. Here
the 2-dimensional case of interest is treated in parallel
with the well-known 3-dimensional case in order to see
the analogies and differences. The symbol D is used to
indicate the dimension.

Far away from the immersed particle the velocity
field approaches the unperturbed velocity

v0
µ = Γµν rν + εµλ ν ωλ rν , (1)

where rrr = 0 is a point in the center or on the axis
of the particle. Cartesian components are denoted by
Greek subsripts, the summation convention is used for

them. The deformation rate tensor Γµν = µ v0
ν is

the symmetric traceless part of the unperturbed flow
field, the symbol . . . indicates the symmetric trace-
less part of a tensor. For two vectors aaa and bbb, e. g.,

the symmetric traceless part of the dyadic is aµbν =
(1/2)(aµbν +aνbµ)− (1/D)aλ bλ δµν , and δµν stands
for the D-dimensional unit tensor. In the following, all
lengths are expressed in units of the radius R, hence rrr
and are dimensionless quantities and the scaled ve-
locity v has the dimension 1/time. The velocity field is
written as vvv = vvv0 +vvv1 where vvv1 is the distortion of the
velocity field due to the presence of the inclusion.

For a week stationary flow, the momentum conser-
vation equation reduces to

µ p+ ν pνµ = 0 , (2)

where p is the scalar pressure. In the hydrodynamic
regime one has

pνµ = −2η νvµ , (3)

where η is the viscosity of the fluid. Insertion of (3)
into (2) and use of the incompressibility condition

ν vν = 0 leads to

η ∆vµ = µ p , (4)

∆ = ν ν is the Laplace operator in D dimensions.
Due to ν vν = 0, this equation implies

∆ p = 0 . (5)

Equations (4) and (5) have to be solved with the ap-
propriate boundary conditions. For the velocity these

are vν → v0
ν for r → ∞, and for r = 1, corresponding to

the surface of the inclusion,

vµ = εµλ ν Ωλ rν . (6)

Here Ωλ is a cartesian component of the angular ve-
locity of the inclusion. The cases of a freely rotating
inclusion with ΩΩΩ = ω and of a non-rotating one with
ΩΩΩ = 0 are considered in the following. The boundary
condition for the pressure is p → 0 for r → ∞.

2.2. Cartesian Multipole Potential Tensors

The solution of the velocity and the pressure can
conveniently be formulated in terms of Cartesian mul-
tipole potentials which, for r �= 0, are solutions of the
Laplace equation. For D = 3 these tensors were already
used by Maxwell. For dimensions D ≥ 2 the multipole
potential tensors of rank � are defined by [9]

X (�)
µ1...µ�

= (−1)�
µ1 . . . µ�

X (0) , (7)

where X (0) is the isotropic solution of the Laplace
equation. With X (0) = ln(r−1) for D = 2 and X 0 =
(D−2)−1r−(D−2), for D ≥ 3, the first few of these ten-
sors are

X (1)
µ = r−D rµ = r−(D−1) r̂µ ,

X (2)
µν = Dr−(D+2) rµ rν − r−D δµν

= Dr−D r̂µ r̂ν ,

(8)

X (3)
µνλ = D(D+ 2)r−(D+4) rµrν rλ

−Dr−(D+2)(rµ δνλ + rνδλ ν + rλ δµν)

= D(D+ 2)r−(D+1) r̂µ r̂ν r̂λ .

(9)

The unit vector parallel to rrr is denoted by r̂rr.

2.3. Pressure and Velocity

In the absence of an inclusion the pressure p is
constant and one puts p = 0. Due to symmetry con-
siderations, the scalar pressure distorted by the pres-
ence of the isotropic inclusion is proportional to the

scalar ΓµνX (2)
µν . Insertion of this ansatz into (5) im-

plies that the proportionality coefficient must be con-
stant. Similarly, the distortion v1

µ of the velocity field
can only be a linear combination of terms proportional

to Γµν X (1)
ν and X (3)

µνλ Γνλ as well as εµλ ν Ωλ X (1)
ν and
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Fig. 1. The distorted flow field for a rotating (left) and a non-rotating cylinder (right).

εµλ ν ωλ X (1)
ν . The scalar proportionality coefficients

can still be functions of r. Insertion of this ansatz into
(4), use of the above mentioned expression for p and
of the boundary conditions leads to

v1
µ = −ΓµνX (1)

ν +
1

2D
X (3)

µνλ Γνλ

+ εµλ ν (Ωλ −ωλ )X (1)
ν ,

(10)

p = −D+ 2
D

η ΓµνX (2)
µν . (11)

The total velocity field vvv = vvv0 +vvv1 can be written as

vµ = (1− r−(D+2))Γµν rν

+
D+ 2

D
(r−(D+2)− r−D)rµ r̂νΓνλ r̂λ

+(1− r−D)εµλ ν ωλ rν + r−D εµλ ν Ωλ rν .

(12)

The relations (8) and (9) were used. The expression for
p is equivalent to

p = −(D+ 2)η r−D r̂νΓνλ r̂λ . (13)

For the case D = 3 and a rotating sphere with ΩΩΩ = ω ,
the results (10 – 13) agree with those found in [3]. The
solution for the velocity field published by Einstein in
1906 [1] contained an error. The correct solution was
first obtained by L. Hopf, as reported by Einstein 5
years later [2] when he corrected the expression for the
effect of inclusions on the effective viscosity.

Here the case D = 2 is of special interest. In Fig. 1
the flow field is shown for a non-rotating cylinder (right
graph) and for the case where the cylinder rotates with
the vorticity (left graph). In Fig. 2 corresponding ve-
locity profiles are depicted. Cross sections through the

velocity field vx(x,y) are shown for x = 0, 1.0 and 2.0.
The thick and thin curves pertain to the non-rotating
and the rotating cylinder, respectively. The unperturbed
velocity profile with the shear rate γ = 1, in reduced
units, is indicated by the dashed straight lines. Clearly
the inclusion-induced distortion of the velocity profile
is more significant for the the non-rotating inclusion.

Smoothed Particle Dynamics computer simula-
tions [8] yield pressure and velocity fields which agree
with those calculated here for a fluid with a Newtonian
viscosity. The numerical calculations can be and have
been extended to non-Newtonian fluids, in particular
to a co-rotational Maxwell model [10], as well as to
higher volume fractions.

3. Effective Viscosity

3.1. General Remarks

The presence of inclusions modifies the velocity
field, and as a consequence the effective viscosity ηeff
differs from the viscosity η of the pure fluid. Physical
intuition says ηeff > η . For dilute suspensions, the case
originally considered by Einstein and also treated here,
the effect of N > 1 inclusions is assumed to be additive.
Hence it suffices to study the influence of a single in-
clusion and to multiply the resulting difference η eff−η
by the factor N. For one isotropic inclusion one expects

ηeff = η (1+ ZVR/V ) (14)

with a numerical coefficient Z, which has to be calcu-
lated. The quantities V and VR are the D-dimensional
volumes of the fluid and of the inclusion. In particular
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Fig. 2. The velocity profile for rotating (thin curves) and non-rotating cylinders (thick curves) for cross sections through the
velocity field vx(x,y) at x = 0.0, 1.0, 2.0. The dashed straight lines indicate the unperturbed velocity profile with the shear
rate γ = 1, in reduced units.

one has

VR =
1
D

RD
∫

d(D−1)r̂rr , (15)

where it is understood that the integration d (D−1)r̂rr has
to be taken over the D-dimensional unit sphere. Thus
one has VR = πR2 and VR = (4π/3)R3 for D = 2 and
D = 3, respectively. In the following, V is taken as
the volume of a concentric D-dimensional sphere with
r >> 1 for computational convenience, thus V = r D VR.
The shape of V does not matter for an inclusion small
compared to the size of a container.

For a suspension with N inclusions, (14) leads to

ηeff = η (1+ Z ϕ) , ϕ = N (VR/V ) = nVR . (16)

Here ϕ is the volume fraction (also called packing frac-
tion) of the inclusions, n = N/V is their number den-
sity.

One might assume that the effective viscosity could
simply be inferred from the volume average of the fric-
tion pressure tensor pµν , cf. (3). The integration over
the angles involved in the volume integral of ν v1

µ

vanishes, and one has
∫

νvµ dDr =
∫

νv0
µ =

(V −VR)Γµν . The magnitude of the volume average
of pµν is smaller in the presence of the inclusion
than without it, thus the ratio between this quantity and
Γµν cannot be used to compute the effective viscos-
ity. However, it is noticed that for a plane Couette flow
(with asymptotic flow in x-direction and the gradient in
y-direction) the effective shear rate γeff, inferred from
the volume average of the total velocity gradient, is re-
lated to the shear rate γ = ∂v0

x/∂y of the unperturbed
flow by

γeff = (1− (VR/V))γ . (17)

This relation plays an important role in the calculation
of the effective viscosity via the route proposed by Ein-
stein [1, 2], where ηeff is inferred from the entropy pro-
duction divided by γ 2

eff.

3.2. The Einstein Route via Entropy Production

The entropy production density is proportional to
the heat of friction per volume −( νvµ) pνµ . In
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the absence of an inclusion this quantity is equal to
2η ΓνµΓνµ = ηγ2. Thus one defines ηeff as the ratio
of

Θ = −V−1 RD
∫

( νvµ) pνµ dDr

= η V−1 RD
∫

( νvµ)( ν vµ + µvν )dDr
(18)

and γ2
eff.

The velocity field is a sum of a deformational part
involving the asymptotic deformation rate Γµν and a
rotational part involving the vorticity and the angular
velocity of the particle. Likewiswe the quantity Θ is a
sum of deformational contribution Θ def ∼ ΓνµΓνµ and
a rotational contribution Θ rot ∼ (ωµ −Ωµ)(ωµ −Ωµ).
Both contributions can be treated independently.

It is possible to transform the volume integral in
(18) into a surface integral which is particularly con-
venient for the deformational contribution. An inte-
gration by parts of the first expression in (18) and
use of (4) yields Θ =−V−1 RD ∫

nνvµ pνµ d(D−1) f −
V−1 RD ∫

vµ µ pdDr, where nnn is the outer normal of
the volume in which the fluid is contained, and d (D−1) f
stands for the surface element. The remaining vol-
ume integral is transformed into the surface integral
−V−1 RD ∫

nµvµ pd(D−1) f , where µvµ = 0 has been
used. The outer normal is nnn = r̂rr for the outer surface
corresponding to r >> 1, and nnn =−r̂rr for the inner sur-
face at r = 1. When only the outer surface is taken into
account, one finds

Θ =V−1 RD rD
∫ [

η
(
r−2vµ µ(rν vν)+ vµ(r−1vµ) ′

)

− r−2rν vν p
]
d(D−1)r̂rr , (19)

where the prime ′ denotes the differentiation with re-
spect to r. There is no contribution to Θ def from the
integral over the inner surface, since the deformational
part of the velocity vanishes for r = 1, cf. (12). The first
and the last term in (19) vanish for the rotational part
of the velocity. The second term leads an expression
proportional to ωµ(ωµ −Ωµ). The only contribution
from the integral over the inner surface is proportional
to−Ωµ(ωµ −Ωµ). Thus for both limiting cases, ΩΩΩ = 0
and ΩΩΩ = ω , there is no contribution at all from the in-
tegral over the inner surface.

Starting from the velocity field and the pressure
given above, the quantities Θ def and Θ rot can now be

calculated. The integrals over the angles
∫

. . .d(D−1)r̂rr
are expressed in terms of angular averages defined by

〈. . .〉 =
(∫

d(D−1)r̂rr

)−1 ∫
. . .d(D−1)r̂rr . (20)

Use is made of the fact that angular averages involving
two irreducible tensors of different rank vanish. For in-
tegrals containing tensors of equal rank �, e. g. � = 1
and � = 2, one has

〈rµrν 〉 =
1
D

δµν ,

〈 rµrν rλ rκ 〉 =
1

D(D+ 2)
∆µν,λ κ ,

(21)

where the isotropic forth rank tensor ∆ ... is defined
by [9]

∆µν,λ κ =
1
2

(
δµλ δνκ + δµκδνλ

)− 1
D

δµν δλ κ . (22)

This tensor has the properties ∆µλ ,λ κ = (D−1)(D+2)
2D δµκ

and ∆µν,µν = (D−1)(D+2)
2 . Furthermore, one has

r̂µ r̂ν r̂µ r̂ν = D−1
D .

When terms which vanish in the limit r → ∞
are disregarded, the first term in the surface inte-
gral (19) yields the contribution η (2−4VR/V )ΓµνΓµν
to Θ def. The second and third terms give contribu-
tions Dη (VR/V )ΓµνΓµν and 2η (VR/V )ΓµνΓµν , re-
spectively. Thus one obtains

Θ def = 2η ΓµνΓµν

[
1+

(
D
2
−1

)
VR

V

]
. (23)

Division of Θ def by γ2
eff with the effective shear rate

given in (17) and neglect of terms non-linear in VR/V
now leads to an effective viscosity of the form (16)
with the factor Z given by

Z =
D
2

+ 1 . (24)

This result applies to an inclusion which freely ro-
tates with an angular velocity equal to the vorticity. For
D = 3 the value Z = 5/2, first presented by Einstein in
1911 [2], is recovered. For D = 2 one has Z = 2.

The calculation of the rotational part of Θ yields

Θ rot = 2Dη (ωµ −Ωµ)(ωµ −Ωµ)
VR

V
. (25)
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For the case of a non-rotating inclusion corresponding
to ΩΩΩ = 0 in a plane Couette flow with the asymptotic
shear rate γ one has ω 2 = γ/4. The total entropy pro-
duction then is

Θ = η γ2
(

1+(D−1)
VR

V

)
. (26)

Thus the factor Z in the expression for the effective
viscosity is now given by

Z = D+ 1 . (27)

This value is larger than (24). The difference be-
tween the effective viscosity of a fluid containing non-
rotating spheres (D = 3) and the case of freely rotating
spheres is (3/2)η (VR/V). This has previously been
noticed in connection with the influence of a magnetic
field on the viscosity of dilute ferro-fluids [11 – 13].
For D = 2 the corresponding expression is η (VR/V ).

Of course it is desireable to calculate the effective
viscosity by a more direct method where this quantity
is inferred from the ratio of the relevant component of
an effective stress tensor and the effective shear rate.
For D = 3 and ΩΩΩ = ω such a computation is found
in [3]. For the more general case studied here a moder-
ate modification of that method is presented next.

3.3. The Route via an Effective Stress Tensor

At the surface of a fluid (or solid) substance a force
F with Fνd(D−1) f = −nλ pλ νd(D−1) f is needed in or-
der to maintain mechanical equilibrium. Here pλ ν =
pδλ ν + pλ ν are the components of the total pres-
sure tensor. The effective stress tensor σ eff

µν is ob-
tained as an average of rµ Fν according to Vσ eff

µν =∫
rµFνd(D−1) f [14]. Here V is the volume enclosed

by the surface considered. Again a concentric D-
dimensional sphere with radius r >> 1 is chosen where
n = r̂rr. Then one has

σ eff
µν = −V−1RD

∫
rµ r̂λ pλ νdD−1r̂rr . (28)

Use of (3) leads to

σ eff
µν = −V−1RD

∫ [
η rµ

(
r−1

ν(rλ vλ )

+r(r−1vν ) ′
)− rν r̂ν p

]
d(D−1)r̂rr .

(29)

This expression is evaluted with v and p given above
and with the help of the relations (21). Again terms

which vanish in the limit r → ∞ are disregarded. The
result is

σ eff
µν = 2η Γµν

(
1+

D
2

VR

V

)

+ η D
VR

V
εµνλ (ωλ −Ωλ ) .

(30)

For an inclusion with an angular velocity which
matches the vorticity, division of the effective stress by
the effective shear rate leads to an effective viscosity
with the factor Z = 1+ D/2, just as above.

Next the case ΩΩΩ = 0 is considered. Due to
2εµνλ ωλ = µv0

ν − ν v0
µ , now (30) is equivalent to

σ eff
µν = η

(
1+

D
2

VR

V

)(
µv0

ν + ν v0
µ
)

+ η
D
2

VR

V

(
µ v0

ν − νv0
µ
)

.

(31)

For a plane Couette flow in x-direction with the gradi-
ent in y-direction (31) yields the effective shear stress
σ = σ eff

yx = η (1+DVR/V ). Division of this expression
by the effective shear rate leads to an effective viscosity
with Z = 1+D, again in accord with the corresponding
result stated above.

Notice that, in general, the effective stress tensor is
symmetric only when the angular velocity of the inclu-
sion is equal to the (asymptotic) vorticity. The antisym-
metric part of the tensor is associated with the torque

Tλ = V ελ µν σ eff
µν (32)

excerted by the fluid on the inclusion. For the case
where the fluid is at rest far away from the inclusion,
the torque T, as inferred from (30), is given by

TTT = −2Dη VR ΩΩΩ . (33)

Thus, as a by-product, the rotational friction coefficient
8πηR3 is recovered for D = 3, [3]. For D = 2, the cor-
responding expression is 4πηR2.

So far, it has been demonstrated that the calculation
of the effective viscosity via both routes yields iden-
tical results for non-rotating and for vorticity adapted
rotating inclusions. For arbitrary values of the angular
velocity the contribution proportional to Ω µ (ωµ −Ωµ)
in the entropy production (25), which stems from the
integration of the inner surface, however, has to be
disregarded in the prescription for the calculation of
ηeff, when the entropy production route should give the
same result as via the effective stress tensor route.
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4. Concluding Remarks

The velocity and pressure have been calculated for
rotating and non-rotating D-dimensional isotropic in-
clusions. The ensuing effective viscosity of a dilute
dispersion was evaluted via two routes which yielded
equivalent results. The method involving an effective
stress tensor is apt to treat the problem of elliptical
or ellipsoidal non-rotating inclusions in a Newtonian
fluid in analogy to the calculation of the viscosity of
perfectly oriented nematic liquid crystals by an affine
transformation [15]. Furthermore, it is desireable to

treat the inclusion problem also for non-Newtonian flu-
ids along the lines presented here. Analytic results can
provide an useful test for Smoothed Particle Dynam-
ics (SPD) and also for Non-Equilibrium Molecular Dy-
namics (NEMD) computer simulations, cf. [8, 10, 16].
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